INTRODUCTION
We consider the following vector differential system where z, ␣, ␤, and g are n-dimensional real vector-valued functions and Ž . F z, t is an n = n matrix-valued function.
Ž . Ž .
The vector Dirichlet problem 1.1 ᎐ 1.2 was considered by many Ž w x . authors see 11 for reference to the extensive literature . Under the assumption that there exists an n-dimensional vector-valued function Ž . Ž . Ž . Ž . Ž . f z, t such that F z, t s ٌ f z, t , the asymptotic analyses for 1.1 ᎐ 1. Ž . Ž w x . Ž Ž . . 1.4 will be a single layer solution cf. 3, 5, 10 ; if F z t , t is condition-Ž w ally stable, then solutions exhibit boundary layers at both endpoints cf. 3, x. 5, 9, 11, 13 . In fact, the assumption of ''vector potential'' is not necessary. w x In 14 , the authors removed this assumption and also obtained a uniformly Ž . valid boundary layer solution in the form of 1.4 for the singularly Ž . Ž . perturbed Dirichlet problem 1.1 ᎐ 1.2 .
Ž . Yet if F z, t is a singular matrix of constant rank, the formal asymptotic solution will change its structure and a new phenomenon, the ''multi-layer'' solution, will appear. Now let us see an example. Ž .
x 0, 
Ž .
Ž . By 1.7 we find that more than one layer appears at the left endpoint.
Ž . Ž . Comparing 1.7 with 1.4 , we call such a phenomenon a ''multi-layer''
Ž . phenomenon at t s 0 and call 1.6 the ''multi-layer'' solution for Dirichlet Ž . problem 1.5 .
By a ''multi-layer solution'' we mean an asymptotic solution which consists of more than one layer with different stretched variables at a certain endpoint. w x Ž . Ž . In 15 , the author studied the Dirichlet problem 1.1 for F z, t a Ž . singular matrix of constant rank and independent of z, say F t , and got a multi-layer solution. Under the assumption of vector potential and by w x employing the modified O'Malley construction, in 16 the author studied Ž . 1.1 subject to special form boundary conditions
where a s , a q b s I , and also got the multi-layer solutions in
Ž . the form of 1.7 .
Ž . For the second order perturbed quasilinear system 1.1 , the correspond-Ž . ing reduced system 1.3 is in fact a differential algebraic system because of Ž . w x the singularity of the matrix F z, t . By the ideas in 2 , we naturally relate Ž . the change in structure of the asymptotic solutions of 1.1 to the index of Ž . the corresponding reduced system 1.3 . According to the definition of the w x Ž . index for the differential algebraic system in 7 , if F z, t is a nonsingular Ž . matrix, then the reduced system 1.3 is a differential algebraic system with index zero, a first order ordinary differential system. For this case, we call Ž .
Ž . 1.1 a singularly perturbed system. Yet if F z, t is a singular matrix with Ž . rank nonzero, the reduced system 1.3 will be a differential algebraic Ž . system with index G1. Then we call system 1.1 a singular singularly perturbed system. We will see that it is just the index of the reduced system that determines the structure and construction of the asymptotic solutions.
Ž . For the second order quasilinear vector system 1.1 , if the corresponding reduced system is a differential algebraic system of index at least 1, then multi-layer solution may appear.
In this paper, we remove the assumption of a vector potential for Ž . Ž . Ž . F z, t and study the multi-layer solutions for 1.1 ᎐ 1.2 under the main assumption w x Ž . H1 . F z, t has n eigen¨alues with negati¨e real parts. It also has a y Ž . null space spanned by n linear independent eigen¨ectors n q n s n . Ž . ing to 7 , the system 2.5 for x t will still be a differential algebraic 0 Ž . system. Then the reduced system for 2.1 will be a higher index differential algebraic system with index at least 2. Linear examples motivated that Ž . we could guess that if the reduced system 2.1 is a differential algebraic system with index , then at the endpoint t s 0 or t s 1 there will be a multi-layer solution which consists of q 1 boundary layers with the stretched variables being
for j s 0, 1, respectively. But the construction of the formal asymptotic multi-layer solutions will certainly become more involved. In this paper we only consider the case s 1.
Ž . Remark 2.
It is necessary to keep G z, t a positive definite matrix for the existence of the multi-layer solutions. For a counter example, note the decoupled Dirichlet problem
Ž . Here G z, t s y1 is not positive definite. Note that the exact solutions Ž .
Ž . don't exhibit multi-layer phenomena and the component y t, will oscillate for sufficiently small. For higher order outer solutions, if we denote the matrix Ž Ž .Ž . Ž . satisfy the linear differential algebraic systems 
Ž . F z, t dzrdt q g z, t by A z, t and rewrite it in the subblock form
is known successively in terms of the preceding outer solutions.
Ž . Let ⌽ t be the fundamental solution matrix for the linear system js0, 1, respectively, i.e., Ž . from 2.9 , first we find that the leading term z satisfies
. Then by 2.10 we get the auxil-
Ž . 
ٌ f z, t , then by 2.10 and noting that Ѩ f rѨ x s F which is nonsingu- Ž .
Ž . Ž .
where is any nonzero constant satisfying
. and the t 's l s 1, 2, . . . , n are n positive eigenvalues of the n = n l 0 0 0 0
Also by the coefficients of iq1 , we have
Ž Ž .
Rewrite the matrices ⌶ and ⌶ in subblock form Ž .
Ž . Now we are going to seek the initial values for z t , z , ⌸z , Ž . Ž . The higher order ⌸ z i s 1, 2, . . . , N will satisfy the linear system
Ž where ⌸ r is determined by the preceding terms of z , ⌸ z l
Ž . iy1 and z 0 l F i , because we can determine z 0 beforehand. Ž . Ž . Ž .
By the results obtained in the preceding sections, first it follows from Ž . 2.45 that we have 
where 
Ž . Ž .
Proof. Let is determined successively by the preceding terms. Ž .
Ž . formation twice and also by applying the Banach᎐Picard fixed point theorem, the above main theorem can also be proved.
Ž . Ž . Remark 7. If n s 0, i.e., F z, t is stable, then z , s 0 and 0 0 0 Ž . z , s0. For this case there will be only single-layer solutions. We 1 1 w x obtained the same result as in 11 .
Ž .
Ž . Ž . Remark 8. If n s 0, i.e., F z, t is a zero matrix, then 1.1 ᎐ 1.2 will y Ž . be a semilinear Dirichlet problem. If the matrix Ѩ g z, t rѨ z is positive w x Ž . definite H2 then ⌸ z , s 0 and there will be no multi-layer solutions. w x We obtained the same result as in 3, 5 for the vector semilinear singularly perturbed second order Dirichlet problem.
A NONTRIVIAL EXAMPLE
To illustrate the method given in this paper, we study a nonlinear example. By the methods given in Section 2, we are going to construct the ''multi-layer'' solution of the form 
